Abstract: Further to the proposal and application of a stochastic methodology and the resulting first exit time distribution function to life table data we introduce a theoretical framework for the estimation of the maximum deterioration age and to explore on how "vitality," according to Halley and Strehler and Mildvan, changes during the human lifetime. The mortality deceleration or mortality leveling-off is also explored. The effect of the deterioration over time is estimated as the expectation that an individual will survive from the deterioration caused in his organism by the deterioration mechanism. A method is proposed and the appropriate software was developed for the estimation of life expectancy. Several applications follow. The method was applied to the Halley life table data of Breslau. Extrapolations are done showing a gradual improvement of vitality mechanisms during last centuries.
Introduction
The methods and techniques related to life expectancy started to grow from the proposal of Life Tables' system by Edmond Halley (1693) in his study on Breslau birth and death data. The related methods include mathematical models starting from the famous Gompertz (1825) model. The Gompertzian influence on using the mortality data to construct life tables was more strong than expected. He had proposed a model and a method to cope with the data. The model was relatively simple but quite effective because he could, by applying his model, to account for the main part of the data set. The method he proposed and applied was based on a data transformation by adding, dividing and finally taking logarithms of the raw data in an approach leading to a linearization of the original distribution. This was very important during Gompertz days when the calculations where very laborious. Furthermore, this method of data linearization made possible the wide dissemination, approval and use by the actuarial people of the Gompertz model and the later proposed Gompertz-Makeham (Makeham, 1860) variation. However, the use of the logarithmic transformation of the data points until nowadays turned to be a strong drawback in the improvement of the related fields. By taking logarithms of a transformed form of the data it turns to have very high absolute values for the data points at the beginning and at the end of the time interval, the later resulting in serious errors due to the appearance of very high values at high ages. To overcome these problems resulting from the use of logarithmic transformations several methods and techniques have being proposed and applied to the data thus making more complicated the use of the transformed data. The approaches to find the best model to fit to the transformed data leaded to more and more complicated models with the Heligman-Pollard (1980) 8-Component Model and similar models to be in use today. The task was mainly to find models to fit to data well, instead to search for models with a good explanatory ability. Technically the used methodology is directed to the actuarial science and practice and to applications in finance and insurance (see the method proposed by Lee and Carter, 1992) . Another quite annoying thing by applying logarithms is that the region around the maximum point of the raw data death distribution including this inflection point along with the left and right inflection points are all on the almost straight line part of the logarithmic curve. From the modelling point of view it is quite difficult to find from the transformed data the characteristics of the original data distribution. Even more when constructing the life tables the techniques developed require the calculation of the probabilities and then the construction of a "model population" usually of 100000 people. The reconstruction of the original data distribution from the "model population" provides a distribution which is not so-close to the original one. Here we propose a method to use models, methods and techniques on analysing data without transforming the data by taking logarithms. While this methodology has obvious advantages it faces the problem of introducing it in a huge worldwide system based on the traditional use of methods, models and techniques arising from the Gompertzian legacy. To cope with the well established life table data analyses we present our work as to test the existing results, to give tools for simpler applications and more important to make reliable predictions and forecasts. We give much attention to the estimation and analysis of the life expectancy and the life expectancy at birth as are the most important indicators for policy makers, practitioners and of course researchers from various scientific fields. (Skiadas, 2011) . This formula provides the value of the curvature at every point (H(t), t). (Skiadas, 2007 , 2010a , 2010b , 2011 and Janssen and Skiadas, 1995 is applied to the female mortality data of Italy for the year 1950. The data, the fitting and the deterioration curves are illustrated in Figure 1 . The deterioration function starts from very low values at the first stages of the lifetime and is growing until a high level and then gradually decreases. As the main human characteristics remain relatively unchanged during last centuries it is expected that the deterioration function and especially the maximum point should remain relatively stable in previous time periods except of course of the last decades when the changes of the way of living and the progress of biology and medicine tend to shift the maximum deterioration point to the older age periods. We can also explore the Greenwood and Irwin (1939) argument for a late-life mortality deceleration or the appearance of mortality plateaus at higher ages by observing the shape of the deterioration function. As we can see in Figures  1 and 2 the deterioration tends to decrease in higher ages and especially after reaching the maximum value, leading to asymptotically low levels thus explaining what we call as Mortality Leveling-off. The deterioration of the organism tends to zero at higher ages. Economos (1979 Economos ( , 1980 ) observed a mortality leveling-off in animals and manufactured items. The characteristic non-symmetric bell-shaped form of the deterioration function is illustrated in Figure 2 However, the maximum point of these curves is achieved at almost the same year of age from 1820-1829 until the 1950-1959 period. This is an unexpected result as it was supposed that the general improvement of the way of living would result in a delay in the deterioration mechanisms. To clarify this observation we will further analyze the deterioration function.
The Deterioration Function: Further analysis
A main characteristic of the deterioration function is its maximum point achieved at: We will apply this formula to mortality data of several countries and for various time periods. The task is to explore our argument for the stability of the maximum deterioration point around certain age limits and of a shift of this point to higher ages. Table I . 1910-1919 1930-1939 1950-1959 1970-1979 1990-1999 Age Fig. 3 . Life expectancy at birth and maximum deterioration age for France. Figure 4 illustrates the life expectancy at birth (blue line) with data collected from the human mortality database (females in 10 year groups). As the infant mortality becomes negligible during last decades we can estimate the life expectancy at birth by based on a 3-parameters alternative of the IM-model (red line). The maximum deterioration age is expressed by a cyan line. The results for the four countries studied, A) Netherlands, B) Denmark, C) Italy and D) Norway are similar to the previous application for France. 1910-1919 1930-1939 1950-1959 1970-1979 1990-1999 Life 1910-1919 1930-1939 1950-1959 1970-1979 1990-1999 Life Exp at Birth 3-p Model Max Det Age 1910-1919 1930-1939 1950-1959 1970-1979 1990-1999 Life Exp at Birth Max Det Age 3-p Model -1909 1920-1929 1940-1949 1960-1969 1980-1989 2000-2008 Life The age year where the maximum value for the deterioration function is achieved for females in various countries and for several time periods is illustrated in Figure 5 . The data for females from various countries for 10 year periods from the human mortality data base are used and the Infant Mortality First Exit Density Model (IM-model) is applied. The maximum deterioration age for females was between 72 -84 years from 1830 to 1950 for the countries studied (Table II) . For all the cases a continuous growth appears for the maximum deterioration age after 1950 until now. That is more important is that the mean value of the maximum deterioration age was between 76 and 78 years for 140 years irrespective of the fluctuations in the life expectancy supporting the argument for an aging mechanism in the human genes. However, the scientific and medical developments after 1950 gave rise in a gradual increase of the level of the maximum deterioration age from 77 to 84 years in the last 60 years .
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Stability of the Deterioration Function Characteristics
The derivation of the deterioration function of a population allows us to make early estimates for the life expectancy. The main assumption is based on accepting a theory for an internal deterioration mechanism driven by a code which governs the life expectancy. If this assumption holds the deterioration function should include information for the future life expectancy even when using data from periods when the mean life duration was relatively small. In the previous chapter we have found that the maximum value of the deterioration function in many countries was set at high levels even when dealing with mortality data coming from various countries and from the last two centuries. The next very important point is to estimate the total effect of the deterioration to a population in the course of the life time termed as DTR. This is expressed by the following summation formula:
Where t is the age and K(t) is the deterioration function. The last formula expresses the expectation that an individual will survive from the deterioration caused in his organism by the deterioration mechanism. The result is given in years of age in a Table like the classical life tables. The deterioration function is estimated from 0 to 117 years a limit set according to the existing death data sets. The estimated life expectancy levels are not the specific levels at the dates of the calculation but refer to future dates when the external influences, illnesses and societal causes will be reduced to a minimum following the advancement of our population status. The life expectancy levels seem to be reached in the recent years in some countries and in the forthcoming decades for others. DTR will be a strong indicator for the level of life expectancy of a specific population mainly caused by the DNA and genes. Due to its characteristics DTR can also be estimated from only mortality data (number of deaths per age or death distribution) thus making simpler the handling of this indicator even when population data are missing or are not well estimated. Another important point of the last formula is that we can find an estimator of the life expectancy in various age periods and to construct a life table. As it is expected the existence of a deterioration law will result in a population distribution over time thus making possible the construction of life tables by using the population distribution resulting from the deterioration law.
As the introduction of the deterioration function and the DTR indicator are quite new terms introduced when using the stochastic modeling techniques and the first exit time or hitting time theory we have applied the DTR and other forms resulting from the deterioration function to the mortality data for countries included in the Human Mortality Database (HMD). A main advantage by using these data sets is that are systematically collected and developed as to be able to make applications and comparisons between countries. The death data for 10-year periods are preferred as to avoid local fluctuations. However, the results are also strong when using and the other data sets from HMD for 5-year of 1-year periods. The DTR is estimated for 15 countries for large time periods. As it is presented in Figure 6 the DTR for 150 years from 1830 to 1980 was between 78 and 84 years of age with the mean value to be from 79.80 to 81.98 years (see Table III ). The lowest value 79.80 years was achieved the period [1950] [1951] [1952] [1953] [1954] [1955] [1956] [1957] [1958] [1959] . The main conclusion is that the DTR can be used as a measure of the future life expectancy levels. An example is based on the estimates for Sweden from 1751. The same method can be applied for other countries. Table V ). 
Estimation of the life expectancy by the DTR system
The estimation of the life expectancy by using the DTR system is presented in Table IV . In the first column the data for the deaths per age are presented. In our example the data for the period 1751-1759 for Sweden (females) are included. In the second column the data are normalized divided by their sum. This is important in order to compare data sets from various periods and from several countries. The next step is to apply the first exit time model including infant mortality (IM-model) to the normalized data. The fitting estimates appear in the third column. The fourth column is the age in years. The next step is to estimate the Deterioration Function K(x). We need the values for the parameter b and the exponent c already estimated in the previous step when applying the IM-model. The deterioration function values are normalized and included in the sixth column. Then the DTR values are estimated in the seventh column. These values are computed as a multiplication: xK(x) and then are normalized and stored in the eight column. Then the DTR survival curve is estimated and included in column nine. We apply the following formula for the survival curve (SC):
The final step is the formulation of the tenth column including the DTR life expectancy list according to age from the survival curve. The life expectancy e x at age x is calculated by:
, where n was selected the age 117 as a level according to our experience. However, the selection of a different age level will change the estimates for the life expectancy. The best approach will be the selection of a level age which is in accordance to reality.
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T A B L E V 6 1 2 4 ,5 6 2 2 ,8 1 2 2 ,2 2 2 0 ,6 1 1 9 ,8 9 2 4 ,0 5 2 3 ,8 2 6 2 2 3 ,7 5 2 2 ,0 1 2 1 ,4 2 1 9 ,7 4 1 9 ,0 0 2 3 ,0 7 2 2 ,9 6 6 3 2 2 ,9 5 2 1 ,2 2 2 0 ,6 3 1 8 ,8 8 1 8 ,1 1 2 2 ,1 1 2 2 ,1 6 4 2 2 ,1 6 2 0 ,4 4 1 9 ,8 5 1 8 ,0 4 1 7 ,2 5 2 1 ,1 5 2 1 ,2 4 6 5 2 1 ,3 8 1 9 ,6 7 1 9 ,0 8 1 7 ,2 1 1 6 ,3 9 2 0 ,1 9 2 0 ,4 6 6 2 0 ,6 1 1 8 ,9 1 1 8 ,3 2 1 6 ,4 0 1 5 ,5 5 1 9 ,2 4 1 9 ,5 7 6 7 1 9 , 8 Another indicator is the estimated maximum deterioration age (Max Det) which is stable and independent of the age level selected. The maximum deterioration age during recent years tends to coincide with the life expectancy at birth estimated with the classical techniques of constructing life tables. Both the DTR and the Max Det are quite good measures of the life expectancy now and in the future as is presented in Figure 8 where the mean values for the 15 countries studied are given. 1910-1919 1930-1939 1950-1959 1970-1979 1990-1999 Max Det DTR 1900-1909 1930-1939 1960-1969 1990-1999 Life Exp Max Det DTR (T=117) DTR (T=110) Figure 9 . Life expectancy, Maximum deterioration age and DTR for Sweden, females The influence of the life level T for the estimation of life expectancy by the DTR system in Sweden (females) is illustrated in Figure 9 . Two scenarios are selected for the estimation of the future life expectancy at birth. In the first a T=117 year level is accepted (dark brawn line) and in the second T=110. As it was expected the higher level for T suggests a higher level for the life expectancy at birth via the DTR method. However, both scenarios tend to coincide in recent years something that it is quite useful in estimating the future trends for the life expectancy development (see Table VI ). That it is important with the DTR system is that we can construct life tables for future dates thus doing forecasts. Instead with the Max Det we can have only an estimate for the future levels of life expectancy at birth but not for the life expectancy in other ages. The standard life expectancy at birth is presented (blue line) and the Max Deterioration points are also presented (light bleu line). 1900-1909 76,39 81,03 1910-1919 76,52 80,93 1920-1929 76,76 80,98 1930-1939 76,36 80,42 1940-1949 76,57 80,26 1950-1959 76,87 79,80 1960-1969 77,90 80,39 1970-1979 79,02 81,24 1980-1989 80,50 82,31 1990-1999 82,32 83,73 2000-2007 83,81 85,03 The Halley Life Table   Edmund Halley published his famous paper in 1693. It was a pioneering study indicating of how a scientist of a high calibre could cope to a precisely selected data sets. Halley realized that to construct a life table from only mortality data was fusible only on the basis of a stationary population (Keyfitz and Caswell, 1977) Graunt (1662) . For more information on the history and the development of actuarial science see the related history by Haberman and Sibbett (1995) . The purpose of this chapter is first to use the Halley's life table data in order to construct a mortality curve by applying a stochastic model resulting from the first exit time theory. After applying the model and constructing the mortality curve we find the deterioration function for the specific population of Breslau at the years studied by Halley and thus making possible to find the maximum deterioration age and constructing a graph for the "vitality" of the population, a term proposed by Halley and used many years later by Strehler and Mildvan (1960) who also suggest the term "vitality" of a person in a stochastic modeling of the human life. In Table VII the first two columns include the Breslau life table data from the Halley paper whereas in the third column we have constructed the deaths per age as the difference between two consecutive rows of the second column. The data from the third column are inserted into our Excel program of the fist exit time distribution function and the results are presented in Figure 10 . 6  70  142  11  21  592  6  71  131  11  22  586  7  72  120  11  23  579  6  73  109  11  24  573  6  74  98  10  25  567  7  75  88  10  26  560  7  76  78  10  27  553  7  77  68  10  28  546  7  78  58  9  29  539  8  79  49  8  30  531  8  80  41  7  31  523  8  81  34  6  32  515  8  82 From the previous Figure and Table the estimated maximum death rate is at the age of 53,3 years, the right inflection point is at 76,2 years, the left inflection point is at 30,9 years and the minimum at 14,6 years. A very important characteristic of the health state of the population is given by estimating the age where the maximum deterioration takes place. This is estimated at the age of 67,39 years and it is the maximum of the deterioration function presented by a green curve in the graph. The DTR system as presented earlier provides the last Life Table IX Illustration of the development of the maximum deterioration age from the Halley days until today is given in Figure 12 . The maximum deterioration age for the Breslau data (1687-1691) was 67,39 years and continued to increase by 4,75 years per century.
Fig. 12. Maximum Deterioration Age for various time periods
The Program
A computer program (IM-model-DTR-Life_Tables) was developed to be able to make the necessary computations related to this paper. Furthermore the program estimates the life expectancy tables by based on the mortality and population data. The life expectancy is also estimated by based on the fitting curve thus making more accurate the related estimations. The program and the related theory can be found in the website: http://www.cmsim.net. The program is developed in Excel 2003 and it is very easy to use without any special tool.
Conclusions
We have developed and applied a new theoretical framework for analyzing mortality data. The work starting several years ago was based on the stochastic theory and the derivation of a first exit time distribution function suitable for expressing the human mortality. Furthermore we have explored on how we could model the so-called "vitality" of a person or the opposite term the deterioration of an organism and to provide a function, the deterioration function, which could be useful for sociologists, police makers and the insurance people in making their estimates and plan the future.
